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Conservative Load Projection and Tracking
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Juan RaÂul Cebral¤ and Rainald LÈohner²

George Mason University, Fairfax, Virginia 22030-4444

The loose coupling of computational ¯ uid dynamics and computational structural dynamics solvers introduces

someproblems related to the informationtransfer between the codes. Sometechniques developed to solve the prob-
lems of the load transfer and interface surface tracking are presented. The maincriterion is to achieve conservation

of total loads and total energy. The load projection scheme is based on Gaussian integration and fast interpolation
algorithms for unstructured grids. The surface tracking algorithm, also based on interpolation, is important for

many applications, including aeroelastic deformation of wings due to aerodynamic loads. The methodologies not
only improve present ¯ uid± structure interaction simulations, but also increase the range of their applicability.

These techniques are of general character and can be used in other multidisciplinary applications as well.

Introduction

T HE simulation of ¯ uid±structure interaction problems is be-
coming of great importance for engineering purposes because

both computational¯ uid dynamics (CFD) and computationalstruc-
tural dynamics (CSD) have reached a very high degree of develop-
ment.

There are basically two possible types of coupling: strong1 and
loose.2±5 In the ® rst case, both the ¯ uid and the structureare treated
as a single coupled system of equations and solved simultaneously,
whereas in the second case, the solutionof the ¯ uid and the structure
are performed by independent codes coupled together.

The major drawback of the strong coupling is that the matrix for
the full system may be ill-conditioned because of the difference in
stiffness of the ¯ uid and the solid, and their respective discretiza-
tions. Also, it requires major rewriting of the structural and ¯ uid
computer programs.

On the other hand, a loose couplingallows the reuse of large ¯ uid
and structural solvers, introducing only minor modi® cations.2, 4±9

Furthermore, the best-suited solution strategy can be selected for
each code independently. However, this approach presents some
new problems that need to be addressed. One is the problem of the
information transfer between the codes.This can be subdividedinto
load transfer from the ¯ uid to the structure, different time steps,
and interface surface tracking. All of them appear as a result of the
possibility of having different discretizationsfor the ¯ uid and solid
domains, and their surface interface.

In the loose coupling approach, the CFD and CSD codes are con-
verted into subroutines that are called alternatively from a master
program. This master program is in charge of driving the multi-
disciplinary application as well as transferring the data (boundary
conditions) on the CFD/CSD surface interface between the codes.
This kind of paradigm has not only the advantage that very spe-
cialized codes can be used to solve for the ¯ uid and the structure,
without having to rewrite them, but also the problems mentioned
earlier can be studied independently, con® ning them only to the
information transfer routines, in the master program.

The purpose of this paper is to present some techniques to deal
with the information transfer between ¯ uid and structural codes,
and the problems already mentioned. The main task is to intro-
duce algorithms and techniques for the load projection and surface
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tracking that conserve the total load as well as the total energy. In
previous work, this problem 1) did not appear (e.g., same surface
discretization for the ¯ uid and the structural domains2,6¡ 9), 2) was
ignored (with the assumption that the surface elements for the ¯ uid
and structure were of similar size3 , 8 , 10), or 3) was treated by intro-
ducing an additionalvirtual surface between the ¯ uid and structural
surfaces.4, 11As one can see, none of these approaches is general.
This paper presents a conservative, monotonic, adaptive Gaussian
quadrature to solve the load transfer problem in a general way.

Load Projection
In most cases, the discretization of the ¯ uid domain and the

solid domain are quite different. This results in different surface
discretizations of the ¯ uid±structure interface. The traditional ap-
proach to the solution of this problem has been the interpolationof
the ¯ uid loads to the structure surface.3, 8, 10 The problemof interpo-
lationbetween two structuredgrids is trivial.For unstructuredgrids,
fast and ef® cient algorithms are also available.12 The basic idea is,
for a given point of a grid, to identify the host element in the other
grid, and then interpolate from its nodes to the point (see Fig. 1).
Although this approach may work well in many situations, particu-
larly those where grid sizes are comparable, its major drawback is
that it is not conservative; thus under certain conditions it may fail.
Figure 2 shows an example in one dimension, where information is
being lost during the interpolation.For this reason, Guruswamy and
Byun4 introduceda virtual surface as a way to achieve conservative
load transfer. The generation of yet another surface is deemed to be
an unnecessary complication, particularly for complex geometries.

Conservative Scheme

In this section we propose another approach, which is conserva-
tive in the sense that the total load computed on the ¯ uid surface
is exactly the same as the total load computed on the solid surface.
This technique also leads us to a much better energy conservation
across the ¯ uid±structure interface.

To illustrate the basic idea of this method, let us consider only
pressures being transmitted from the ¯ uid to the solid, as in the
inviscid case, without loss of generality. Suppose p f denotes the
¯ uid pressure at the interface and ps the pressure seen by the struc-
ture, we desire to have

ps(x) ¼ p f (x) (1)

This equality can be approximately satis® ed by using a weighted
residual method.13 Multiplying both sides by a set of weighting
functions f W i g and integrating over the surface interface C yields

* C
W i ps d C = * C

W i p f d C (2)
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Fig. 1 CFD host elements for four nodes of a CSD quad element.

Fig. 2 Case where pressure is not fully transmitted from the ¯ uid to
the structure because of the nonconservation properties of the interpo-
lation.

The pressures are approximated using standard shape functions as
follows:

ps (x) ¼ N j
s (x) Ãps j , p f (x) ¼ N

j
f (x) Ãp f j (3)

In this way, CFD codes based on ® nite difference, ® nite volume,
® nite element, or spectral element approximations can all be ac-
commodated. Taking a Galerkin method W i = N i

s in Eq. (2) and
insertingthe ® nite elementapproximationsfor the pressures,Eq. (2)
becomes

* C
N i

s N j
s Ãps j d C = * C

N i
s N

j
f Ãp f j d C (4)

The integral on the left-hand side yields the consistentmass matrix
for the solid surface elements Mcs and can be computed easily. To
solve Eq. (4) for the solid pressures Ãps j , the mass matrix has to be
inverted:

Ãpsk = (M ¡ 1
cs

)
ki

ri (5)

where we have de® ned

(Mcs)
ki

= * C
N i

s N k
s dC (6)

and

ri = * C
N i

s N j
f Ãp f j d C (7)

We can prove that this algorithm is conservative in the sense that

* C
p f dC = * C

ps d C (8)

By using the summation propertyof the shape functions S N i
s = 1,

* C
ps dC = * C

N j
s Ãps j d C = * C S i

N i
s N j

s Ãps j d C

= S i
* C

N i
s N j

s Ãps j d C = S i
* C

N i
s N

j
f Ãp f j dC

= * C S i

N i
s N

j
f Ãp f j dC = * C

N
j
f Ãp f j d C = * C

p f d C (9)

The main question is how to evaluate the integral of Eq. (7).
Because the grids are not nested, this is a formidable task. Take,
for example, the situation illustrated in Fig. 3, where we have a ® ne
triangular mesh and a quad element of a coarser mesh. This would
requiretheevaluationof theintegralon the triangularmesh,but in the
region delimited by the quad. The fastest and most accurateway we
have found is to use an ef® cient numericalGaussianquadrature.14, 15

To perform this integral, we have two possibilities:

Fig. 3 Integration region for unstructured grids that are not nested.

One-dimensional case

Two-dimensional case

Fig. 4 Introducing Gauss points on the CSD faces is not conservative.

1)Do a loopover the solidfacesand introducea numberofquadra-
ture points in each face. In this case, the integral is approximated
by

ri = Ssolid

n points

Sg = 1

N i
s (xg ) AW (g) Ãp f (xg) (10)

The solid shape functions at the quadraturepoints g are known, but
the ¯ uid pressure has to be interpolated to these points. Although
this procedure has been used before,10 , 16 it is not conservative be-
cause there can be some ¯ uid faces without any quadrature point.
An extreme case is shown in Fig. 4, where two Gauss points are
introduced in each solid element. Here, the element sizes are very
different in each surface discretization, causing some ¯ uid pres-
sures not to be considered. The equivalent two-dimensional case is
also shown. By introducingmore Gauss points, conservationlosses
may be reduced, but there is never a guarantee that conservation is
preserved accurately enough.

2) Do a loop over the ¯ uid faces and introduce the quadrature
points in those faces. In this case, the integral is computed as

ri = S ¯ uid

n points

Sg = 1

N i
s (xg ) AW (g) Ãp f (xg) (11)

The ® rst sum is overall ¯ uid surfaceelements, and the secondsum is
over the quadraturepointsof the currentelement; A is the area of the
current element, W (g) is the weight of the quadraturepoint, Ãp f (xg)
is the ¯ uid pressure evaluated at the position of the quadraturepoint
g, and N i

s (xg) is the shape function of the solid face that contains
the quadrature point g, evaluated at the position of the quadrature
point xg . The pressure at the quadraturepoints is computed directly
from the pressures at the nodes of the ¯ uid element:

Ãp f (xg) = N i
f (xg) Ãp f i (12)

To evaluate the solid shape functions at the quadrature points,
it is necessary to know the solid host element of each quadrature
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point. This can be done by using optimized searching algorithms.12

This procedure is conservative because the loop is over the ¯ uid
faces, making sure that all pressures are transmitted to the solid.
However, some solidpointsmay receiveno pressure.Figure5 shows
an example of meshes of widely disparate sizes. This problem can
be avoided if enough quadrature points are taken. Therefore, the
next question that has to be addressed is how many points need to
be introduced in each of the ¯ uid surface elements to achieve an
acceptable accuracy. Suppose that we have decided that in a certain
face more points are needed; then, we have two possibilities:

1) Use a higher-orderGaussian integrationby placingmorepoints
at the speci® ed locations and with the correspondingweights, or

2) recursively subdivide the face into smaller elements and intro-
duce the same number of points as before in each subdivision.

The ® rst alternativecorrespondsto ap-re® nement and the second
to anh-re® nementof the ¯ uid face.14 The lattercase is betterbecause
the area of the element is more evenly covered with points and all
the points have the same weight. Therefore, this is the method of
our choice. The situation is illustrated in Fig. 6, where the problem
present in Fig. 5 is overcome by re® ning an element. Although the
equations derived here consider only pressures, they also can be
applied to the force vectors with no modi® cations, to conserve total
forces in a viscous case.

Monotonicity-Preserving Scheme
As mentioned before, the solid mass matrix of Eq. (5) has to be

inverted to solve for the solid pressures. The ® rst alternative is to

One-dimensional case

Two-dimensional case

Fig. 5 Introducing Gauss points on the CFD faces is conservative, but
some CSD points may receive no pressure.

One-dimensional case

Two-dimensional case

Fig. 6 Introducing Gauss points on the CFD faces that are recursively
re® ned is conservative, and every CSD point receives some pressure.

lump this matrix, making the inversion trivial. This will give us a
low-order solution pl (dropping the s subindex):

Ml ¢ pl = r (13)

The second alternative is to use the consistent mass matrix; in this
case we will obtain a high-order solution ph :

Mc ¢ ph
= r (14)

This solution can be computed easily by solving iteratively. If ( j )
denotes the j th iteration, the pressures can be obtained from

(Ml )
kk Ãp( j+1)

k = rk + (Ml ¡ Mc)
ki Ãp( j)

i , Ãp(0)
k = (M ¡ 1

l
)

kk
rk

(15)

Usually, only ® ve iterations are enough for an accurate result. This
iterativeprocedureis readilyvectorizedand parallelized.Given that,
in general, M changesin time, it is clear that this procedure is far su-
perior to any other solution techniques (e.g., L-U decomposition).
Although ph , pl will yield exact conservation of loads, the high-
order scheme may lead to under- and overshoots. This is similar
in spirit to CFD techniques for advection-dominated ¯ ows, where
high-order schemes, although more accurate, produce nonphysi-
cal over- or undershoots. In some cases, this loss of monotonicity
may be tolerable.However, under certain circumstances (e.g., walls
breaking at a certain pressure load), such overshoots would lead to
wrong results.For this reason,we try to avoidnonphysicalpressures
as much as possible and introduce a monotonicity-preserving pro-
jection scheme along the lines of ¯ ux-corrected transport (FCT),17

which we call pFCT.
Suppose we have a low-order and a high-order approximation to

the projected pressures, computed as explained before [Eqs. (13)
and (14)]. The high-order solution may be recovered from

Ml ¢ ph = r + (Ml ¡ Mc) ¢ ph (16)

This leads to the de® nition of an antidiffusive ¯ ux of the form

d = Cel(Ml ¡ Mc) ¢ ph (17)

and the FCT solution for the pressure is

Ml ¢ pfct = Ml ¢ pl + d (18)

The nonlinear limitor factors Cel for each element are computed
using the same procedures as FEM-FCT.18

Summary of Load Transfer Algorithm
The approachdescribedearlier is basedon an adaptivere® nement

of the ¯ uid faces to match the sizes of the solid faces. The measure
of the size of an element is taken as the square root of its area.
The number of subdivisions needed for a given ¯ uid element is
computed by comparing its relative size to the sizes of the solid
hosts of its nodes. Also, a minimum number of subdivisionsin each
face can be imposed. We place either three or four points in each
subdivision.The ¯ uid faces are not actually subdivided, only more
points are introduced in those whose size is large compared to the
correspondingsolid faces. In this way, we expect to have a nonzero
pressure in all solid points. However, as a safety precaution, we
check if any solid point has no pressure. If such a point is found, we
increase the minimum number of subdivisionsof its ¯ uid host face
(and its neighbors if desired), and go back to recompute the Gauss
points.

The basic algorithmic steps to be followed can be summarized as
follows.

1) For each CFD element:
Initialize with a minimum number of subdivisionsdesired.

2) For each CFD element:
Compute number of subdivisionsneeded (comparing CFD/
CSD sizes).
Introduce three quadrature points in each subdivision.
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3) For each quadrature point:
Find CSD host element (search algorithm).
Compute CSD shape functions at quadrature point.

4) For each quadrature point:
Get the CFD pressure.

5) For each CSD point:
Compute the right-hand side for the CSD pressures.

6) Check if any CSD point has pressure below a speci® ed thres-
hold.
If so, increment the number of subdivisionsof its CFD host
face (and its neighbors if desired).
Go back to 2

7) For each CSD point:
Get the low-order solution (lumped mass matrix).
Get the high-order solution (iterate to solve for the consistent
mass matrix).
Limit and solve for pFCT pressures.

Note that the quadraturepoints need to be recomputed only if the
surface grids at the interface change (interconnectivity change, h-
re® nement, remeshing,etc.).Thus, if one storesthe Gauss points, the
algorithmbecomesvery ef® cient (only steps4±7 have to be executed
every time). Also, a renumbering of the Gauss points to minimize
cache misses improves the performance on RISC-processor-based
machines.19 For typical production runs,5 , 20 the time spent in load
transfer, as well as surface tracking (see next section), is less than
1% of the total run time. The surface-grid and Gauss-point storage
requirementsare negligiblewhen compared with those of the three-
dimensional volume grids used for the ¯ ow solver, particularly for
meshes in excess of 1 Mtet.

Surface Tracking
Another important problem introduced by the loose coupling of

CSD and CFD codes is how to make the ¯ uid grid follow the motion
and deformationsof the solid grid. Here, the easiest way to proceed
is to make the ¯ uid mesh follow exactly the solid mesh by interpo-
lating the coordinates of the ¯ uid points to the solid surface.16 In
somecases this techniqueworks very well, e.g., strongshock±object
interactionwith largeplasticdeformations.But in other situations,it
is not appropriate.For example, in the problem of aeroelasticdefor-
mations of a wing,3,4,7 ¡ 9 the ¯ uid grid will be three dimensionaland
® ne on the surface.On the other hand, for the structure, the wing can
be discretized by taking only a series of planar plates. In this case,
it is clear that if we force the ¯ uid mesh to follow the solid mesh
exactly, it will result in a wing with no thickness, unacceptableas a
model for the ¯ uid. Therefore, other strategies have to be devised.

An alternative to the exact surface tracking described above is
to compute the initial vector difference of the ¯ uid and solid grids.
Then, as the solid surface moves and deforms, these vectors are
rotated and translated accordingly. In this approach, the difference
vectorsare rotatedin exactlythe sameway as the normals to the solid
surface, as illustrated in Fig. 7. The velocities of the solid surface
have to be transmitted to the ¯ uid to apply the boundary conditions.
If the two surfaces are kept glued, the velocities can be interpolated,
but if the surfaces are kept apart, the velocities have to be updated
accountingfor the rotationof the initial differencevectors. Figure 8
shows a solid under rigid rotation and the transmitted velocities on
the ¯ uid mesh, with and without addition of the rotational velocity.
The rotational velocity can be obtained from the local rotational
velocity of the solid: x = 1

2 r £ vs .

Before deformation After deformation

Fig. 7 Surface tracking with initial distance vectors.

Table 1 Pressure distribution on CSD points

Case Point Lumped Consistent pFCT

a 1 1.0000 0.9861 1.0000
2 1.1250 1.0070 1.1250
3 1.5000 1.9856 1.5000
4 1.1250 1.0070 1.1250

b 1 0.9375 0.2887 0.9375
2 1.3750 1.9648 1.3750
3 1.1875 1.2464 1.1875
4 1.3750 1.9648 1.3750

Interpolation Interpolation + rotation

Fig. 8 Additionof the rotationalvelocities for the surface tracking with
initial distance vectors.

Case a: aligned Case b: crossing

Load on CFD faces

Fig. 9 Two-element ¯ uid± structure interface and loading.

Test Case: Two-Element Interface
In this section, we present a test case to illustrate the differences

betweenthe projectionschemes,as well as theneedfor a monotonic-
ity-preserving algorithm. We consider a ¯ uid±structure interface
composed of two ¯ uid elements and two solid elements, connected
in two distinctways: aligned(case a) and crossing(caseb), as shown
in Fig. 9. The ¯ uid pressure distribution is uniform on the ® rst
element and linear on the second. The pressures on the CSD points
for the two cases, using the lumped mass matrix (low order), the
consistent mass matrix (high order), and the pFCT are presented in
Table 1. Four quadraturepoints are introducedin each ¯ uid element.

The element sidesare takenof size1.0 and thepressureat the CFD
points is 1.0 and 2.0, as shown in Fig. 9. The total load computedon
the CFD surface is 1.1666. For all cases considered in Table 1, the
difference between the CFD and the CSD total loads varies from
2.22 £ 10 ¡ 16 to 6.66 £ 10 ¡ 16. Thus, in all the cases we achieve
exact load conservation (to machine roundoff). However, the load
distributionand, in particular,themaximumandminimumpressures
obtained on the CSD surface are not exactly the same as those
on the CFD surface. Furthermore, if the consistent mass matrix
is used instead of the lumped mass matrix, we get, as expected,
some over- or undershoots with respect to the distribution obtained
with the lumped mass matrix. This justi® es the introduction of a
monotonicity-preserving scheme as the pFCT described earlier. In
this particular example, after limiting the high-order scheme, we
obtain the same results as in the low-order case.
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Numerical Example: Shock± Plate Interaction
This test case consistsof a compressible¯ uid ¯ ow in a box,where

an elastic plate has been placed on the ¯ oor of the box. The geome-
try de® nition for the ¯ uid as well as the grid for the structure (plate)
are shown in Fig. 10a. The grid for the plate is a structured mesh
of 36 quads, and much coarser than the ¯ uid mesh, composed of
approximately 250,000 tetrahedra. The triangular surface mesh for
the ¯ uid is shown in Fig. 10b. Note the difference in the element
size between the two grids. The plate is a square of 1.0 £ 1.0 m and
thickness h = 0.01 m. Its material properties are taken from mild
steel,which in mks units are E = 200.0 GN/m2 (Young’s modulus),
m = 0.31 (Poisson’s ratio), and q = 7840.0 kg/m3 (density). The
¯ uid is initialized with a strong explosion right before the elastic
plate. The density, velocity, and pressure pro® les correspond to Se-
dov’s solution,21 as displayedin Fig. 11a. The notationis the sameas
used by Landau and Lifshitz.21 The jump in pressure ( p2/ pambient )
is 96.735, the jump in density ( q 2/ q ambient ) is 5.84, and the ¯ uid
velocity at the peak (v2) is 2602.6 m/s. The ¯ uid is updated us-
ing FEFLO97, a linear ® nite element, edge-based ALE FEM-FCT

a)

b)

Fig. 10 Problem de® nition and CSD/CFD grids.

a) Detonation pro® le

b) Fluid pressure

Fig. 11 Density, velocity, and pressure pro® les.

solver that operates on tetrahedral grids.20 The structure is modeled
using analytical eigenmodes for the plate.22 A typical run takes less
than 5 min on a Cray C90.

Because of the difference in the interface surface discretizations
and the sharpness of the pressure pro® le, very poor load conversion
is expected for the interpolation scheme. However, bear in mind
that for ¯ uid±structure problems, such size discrepancies are quite
common because the analyst has to compromise between model ® -
delity, computer resources, grid generation requirements, and man-
hours.

The ¯ uid pressure contours after 80 time steps is shown in
Fig. 11b, together with the CSD grid. The pressure contoursas seen
by the CSD mesh using the interpolation and the pFCT algorithms
are shown in Figs. 12a and 12b, respectively.As can be seen, at this
particular instant, when the peak of the ¯ uid pressure is not on the
CSD grid points, the CSD pressure distributionfor the two schemes
is quite different. A second comparison between the pFCT projec-
tion scheme and the direct interpolation of pressures is shown in
Fig. 13, where the total impulse on the plate is plotted as a function
of time, for a) the pFCT scheme, b) the direct interpolation, and c)
their difference.At the beginningof the simulation, the shock is just
entering the plate; at the end, it has just left it.

a) Interpolation

b) pFCT

Fig. 12 Solid pressure contours.

a) b)

c)

Fig. 13 Comparison of total impulses for pFCT and interpolation.
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a)

b)

c)

d)

Fig. 14 Comparison of the total forces obtained with pFCT and inter-
polation.

The total impulse I (t ) is computed from the total force F as

I (t ) = * t

0

F(t 0 ) dt 0 , F(t ) = * C
ps (t) dC (19)

and ps is obtained from the two mentioned projection schemes. It
can be seen that the impulse for the interpolationcase is ¯ uctuating,
which is to be expected as the shock crosses the structural grid
points. The integral of the impulse difference between the pFCT
and the interpolation scheme is increasing in time, indicating a loss
of impulse for the latter. Note also that the difference is larger when
the shock is passing over the CSD grid points, giving a much larger
pressure than when it is in between. These differences in the load
transmitted to the structure will affect its behavior. If interpolation
is used, extreme pressures appear, which may cause fake plasticity
regions and fake accelerationsover short periods of time. In a third
comparison, we consider the total force on the plate as a function
of time. Figure 14a shows the total force computed at the CFD±
CSD interface, but on the CFD mesh. Figures 14b and 14c show
the total force at the interface on the CSD mesh as computed by the
interpolationand the pFCT, respectively.The differencebetween the
total force on the CFD mesh and the total force on the CSD mesh
computed with the pFCT is always zero, implying conservation
to machine roundoff. The relative difference with the interpolation
scheme is shown in Fig. 14d, as a percentage of the CFD force. It
is clear that in this case, the load is not conserved,giving very large
differences (60%), especially when the shock wave is on top of the
CSD grid points.

Conclusions
Fluid±structure interaction problems are best tackled by a loose

coupling of previously developed ¯ uid and structural codes. How-
ever, this approach introduces some new problems to be solved,
namely load projection and surface tracking.

A conservative technique for the load transfer, based on adaptive
Gaussian integrationand interpolationon unstructuredgrids, is pre-
sented. The surface tracking problem is very important for many
applications, especially in aeroelasticity, where the ¯ uid grid and
the solid grids have to be separated. The two problems converge at
this point because the conservation of total loads and a good sur-
face tracking algorithm must successfully account for the energy
conservation.

The transmissionof pressuresin onedirection(CFD ! CSD) and
of velocities in the opposite direction (CSD ! CFD) is consistent
with the fact that pressure and velocity are conjugatevariables, thus
allowing conservationof energy.

With the methodologiespresented, the range of applications that
can be simulated accurately with loosely coupled ¯ uid±structure
codes has been increasedconsiderably.In particular, cases in which

large size differences between the surface elements of the CFD
and CSD discretizations are present can now be treated accurately
in a straightforward way. This is achieved without recourse to an
arti® cial, or virtual, third surface grid to connect the CFD and CSD
domains.

Future work will center on coupling of implicit CFD and CSD
codes for aeroelasticcases and porting of the couplingmethodology
to parallel machine environments.
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